In this article, the author discusses the existence of solutions for a class of impulsive differential equations by means of a variational approach different from earlier approaches. MSC: 34B37; 45G10; 47H30; 47J30
Introduction
The theory of impulsive differential equations has been emerging as an important area of investigation in recent years [-]. There is a vast literature on the existence of solutions by using topological methods, including fixed point theorems, Leray-Schauder degree theory, and fixed point index theory [-]. But it is quite difficult to apply the variational approach to an impulsive differential equation; therefore, there was no result in this area for a long time. Only in the recent five years, there appeared a few articles which dealt with some impulsive differential equations by using variational methods [-] . Motivated by [] , in this article we shall use a different variational approach to discuss the existence of solutions for a class of impulsive differential equations and we only deal with classical solutions.
Consider the boundary value problem (BVP) for the second-order nonlinear impulsive differential equation: where J = [, ],  < t  < · · · < t k < · · · < t m < , J = J\{t  , . . . , t k , . . . , t m }, c k and d k (k = , , . . . , m) are any real numbers, f (t, u) is a real function defined on J × R, where R denotes the set of all real numbers, and f (t, u) is continuous on J × R, left continuous at
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where u(t + k ) and u(t -k ) represent the right and left limits of u(t) at t = t k , respectively. Similarly,
where u (t + k ) and u (t -k ) represent the right and left limits of u (t) at t = t k , respectively. Let PC[J, R] = {u : u is a real function on J such that u(t) is continuous at t = t k , left continuous at t = t k , and u(t
Let us list some conditions.
where
is a solution of BVP (), then, by () and (), we have
It is clear, by (), that
so, letting t =  in (), we find
Substituting () into (), we get
is a solution of the integral equation (). http://www.boundaryvalueproblems.com/content/2014/1/37
By (), it is clear that g(t, v(t)) is continuous on J , so differentiation of () gives
Differentiating again, we get
It follows from (), (), (), (), and
Proof It is clear, for function a(t) defined by (),
By (), (), (), and condition (H  ), we have
where 
be a solution of the integral equation (). Then by the Hölder inequality,
which implies by virtue of the uniform continuity of
Variational approach

Theorem  If conditions (H  ) and (H  ) are satisfied, then BVP () has at least one solution
u ∈ PC  [J, R] ∩ C  [J , R].
Proof By Lemma  and Lemma , we need only to show that the integral equation () has a solution v ∈ L p [J, R]. The integral equation () can be written in the form
where G is the linear integral operator defined by (Gv)(t) =  
G(t, s)v(s) ds, ∀t ∈ J, (   )
and the nonlinear operator g is defined by (), which is bounded and continuous from 
= ). It is well known that G(t, s) is a L
G(t, s) p ds dt < ∞, (   ) so [, ] the linear operator G defined by () is completely continuous from
We now show that () has a solution v ∈ L p [J, R] is equivalent to the equation 
Hence we need only to show that there exists a
and
So, (), (), and condition (H  ) imply
It is well known [],
where G is defined by () and is regarded as a positive-definite operator from
, and λ  denotes the largest eigenvalue of G. It follows from (), (), and () that
which implies by virtue of  < c < So, there exists a r >  such that
It is well known [, ] that the ball T(θ, r) = {u ∈ L  [J, R] : u ≤ r} is weakly closed and weakly compact and the functional (u) is weakly lower semicontinuous, so, there exists u * ∈ T(θ , r) such that
It follows from () and () that
Hence (u * ) = θ and the theorem is proved.
Example  Consider the BVP 
Conclusion BVP () has at least one solution
Proof Evidently, () is a BVP of the form () with
Moreover, it is well known that
So, () and () imply that 
It follows from () and () that
Since, by virtue of (), 
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